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Introduction
e0

Mixed Precision GMRES

Solving Linear System With GMRES

Algorithm: GMRES(A, M™1, b, xo, ¢5)

Let's consider the linear system Ax = b. = b— Ax
GMRES generates a sequence of approximate B = Htfol\r vi=r/B k=1;
. .. . repea
solutions (xx)x>1 from an initial solution xo 2= My,
that converges to the exact solution x*: wi = Az ;
fori=1,...,kdo

2
hi k= v wy;
wk = wx — hj kv ;

hig e = |lwll
Vit = Wi/ hiy1,k 5
Vk:[Vly---,Vk];

Hi = {hij}i<ij<is1 s
yk = argminy ||Ber — Hiyll ;

k=k+1;
until 4, < €
di = Viyk

Xk = x0 + M7 d ;
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Mixed Precision GMRES

Solving Linear System With GMRES

Let's consider the linear system Ax = b.
GMRES generates a sequence of approximate
solutions (xx)x>1 from an initial solution xo
that converges to the exact solution x*:

m Build an orthogonal basis Vi of the
Krylov subspace
span{ry, A, ..., A"}

m Chose xix as the vector minimizing
[l = (16— Axic|I;

m Reiterate until the stopping criterion is
satisfied. Here: 1, = m

Algorithm: GMRES(A, M™1, b, xo, ¢5)

n=>b—Ax;
B=lnllvi=r/B8 k=1;
repeat

ze =Mty ;

wy, = Az ;

fori=1,...,kdo

2
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wk = wx — hj kv ;
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Mixed Precision GMRES

Usual approach to mixed precision GMRES:
perform each core part of GMRES in a given

Algorithm: GMRES(A, M™1, b, xo, ¢g)

precision. rn=b—Axp;
. B=llrl.vi=rn/8 k=1;
® | Uny : apply the preconditioner; repeat
— -1 .
m U, : apply the operator; ;/kk—:/ZIZk Vi
m ug : rest of GMRES. fori=1,...,kdo
hik = v wg;
L Wk = wik — hj kvi ;
iy = lwill
Vir1 = Wi/ hria,k
Vie=[vi,...,wl;

He = {hij i<ij<ksrs
Y = argmin, |[Bey — Hyy| ;
k=k+1;
until N4, < €g;
dk = Viyk 5
Xk = Xo + Mildk H
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Mixed Precision GMRES

Usual approach to mixed precision GMRES:
perform each core part of GMRES in a given
precision.

B Uy : apply the preconditioner;
® U, : apply the operator;
m ug : rest of GMRES.

Several papers offer different combinations of
precisions, as well as a framework specifying
the behavior of GMRES depending on the
chosen precisions in [1].

[1] Alfredo Buttari et al. “Mixed precision strategies for preconditioned GMRES: a
comprehensive analysis” . working paper or preprint. May 2025, URI

https://hal.science/hal-05071696

Algorithm: GMRES(A, M™1, b, xo, ¢g)

nn = b— AX() N
B=llnll,vi=r/B k=1;
repeat
2z =Mty ;
wi = Az ;

fori=1,...,kdo
L hik = v wi ;

Wi = wx — hi vi;

b1k = [lwill
Vil = Wi/ hiy1 ks
Vie=[vi,...,wl;

Hie={hijhi<ij<is s
yk = argminy ||Ber — Hyy|| ;

k=k+1;
until N4, < €g;
dk = Viyk 5

Xk = xo + M7 dy ;
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Adapt SpMV

Our goal and approach

The base idea was to improve GMRES performance by introducing a mixed
precision Sparse Matrix-Vector product (SpMV), while ensuring convergence.

That requires to:
dispose of a mixed precision SpMV algorithm;

find a way to ensure convergence despite the use of low precisions.
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Adapt SpMV

Adapt SpMV [2]:
m Algorithm designed by the Team PEQUAN from LIP6;

m Perform the SpMV A x v in mixed precision;

[2] Stef Graillat et al. “Adaptive Precision Sparse Matrix—Vector Product and Its Application to Krylov Solvers". In: SIAM Journal on Scientific Computing

46.1 (2024), pp. C30-C56. DOI: 10.1137/22M1522619
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Adapt SpMV [2]:
m Algorithm designed by the Team PEQUAN from LIP6;
m Perform the SpMV A x v in mixed precision;

m Each element of A is represented with a precision proportional to its
magnitude;

m Uses custom precision formats: BF16, FP24, FP32, FP40, FP48, FP56,
FP64 and FPOO;

m The parameter € specifies to the algorithm the desired relative error on the
mixed precision representation of A.

[2] Stef Graillat et al. “Adaptive Precision Sparse Matrix—Vector Product and Its Application to Krylov Solvers". In: SIAM Journal on Scientific Computing

46.1 (2024), pp. C30-C56. DOI: 10.1137/22M1522619
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Adapt SpMV

Adapt SpMV: Performance on the matrix Long Coup_dt6
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Relaxed GMRES

How To Ensure Convergence?

Mixed precision computations deteriorate the quality of the results. That can be
seen as perturbations, which are critical in many applications.

For GMRES, perturbations on the SpMV are represented as a perturbation matrix
Ej such that the computation performed is no longer A x v but (A+ E) * v.

How can we set € to prevent any negative impact on GMRES behavior. One might
want to simply set € equal to the targeted tolerance for the GMRES solution
However, we can do better.

7/19



Introduction
oeo

Relaxed GMRES

Convergence in Backward Error of Relaxed GMRES [3]

Theorem (Convergence of Relaxed GMRES)

Let xq (initial solution) and ¢ = 0.5 a constant. Let ¢4, the target tolerance for
GMRES solution be any positive real number. Then supposed for all k

B 1 ( 5] >
<——min{c,(l—c € |,
1A] < men(A) = e

Then the convergence according to the stopping criterion 14 p is ensured.

[3] Luc Giraud, Serge Gratton, and Julien Langou. “Convergence in backward error of relaxed GMRES". In: SIAM J. Scientific Computing 29 (Jan. 2007)

pp. 710-728. DOIL: 10.1137/040608416
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Theorem (Convergence of Relaxed GMRES)

Let xq (initial solution) and ¢ = 0.5 a constant. Let ¢4, the target tolerance for
GMRES solution be any positive real number. Then supposed for all k

Bl 1 ( 1] >
<——min{c,(l—c € |,
1Al < 7w (A) o P

Then the convergence according to the stopping criterion 14 p is ensured.

— || Ex]| is inversely proportional to ||rx—1]||, meaning that the error is permitted to
increase in proportion to the reduction of the residual.

[3] Luc Giraud, Serge Gratton, and Julien Langou. “Convergence in backward error of relaxed GMRES". In: SIAM J. Scientific Computing 29 (Jan. 2007)

pp. 710-728. DOI: 10.1137/040608416
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Relaxed GMRES

Mixed and Adaptive Precision GMRES

Algorithm: GMRES(A, M™1, b, xo, €g)

nn = b — AXQ;
B=lnll.vi=rn/8, k=1
repeat

e = Compute target precision from ry;
Adjust the matrix A to precision ¢;

2z = M~y
wix = AdaptSpMV(A, z);

m At the start of each iteration, adapt the for "h: L,...,kdo
precision of A; L e A
m Perform the SpMV in mixed precision. hs e = [lwill
Vit = Wi/ hiy1,k 5
Vie=1[vi, ..., vl

Hie = {hij}1<ij<is1 s
yi = argminy ||Ber — Hyyll ;

k=k+1;
until N4 » < €4
di = Viyk

Xk = x0 + M7 dy ;
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lllustrative Example

Convergence: Matrix ss

= B.E. na»
10714 ~—— Maximal Error
= = SpMV Error ||Ex||/[|All
—-- Tolerance (1e-9)
10—2 4
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10791 —
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Iteration
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Illustrative Example

Composition of the Matrix ss
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Base Performance

Experiment Set Up: Restarted GMRES

Main limitation of GMRES: Cost of orthogonalizing the Krylov basis O(nk).

For that reason, we used Restarted GMRES or GMRES(m):
m Run GMRES for m iterations — approximate solution;
m Restart GMRES with that solution as the new initial guess;

m Repeat until convergence.
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Base Performance

Experiment Set Up: Restarted GMRES

Main limitation of GMRES: Cost of orthogonalizing the Krylov basis O(nk).

For that reason, we used Restarted GMRES or GMRES(m):
m Run GMRES for m iterations — approximate solution;
m Restart GMRES with that solution as the new initial guess;
m Repeat until convergence.

— Limits Krylov subspace basis size: better memory.
— Prevents the orthogonalization from becoming too expensive: better
performance.
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Performance

Performance
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Duration of mixed and adaptive precision GMRES(80), normalized by the duration
of the double precision version.

Backward error
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Performance

Duration of mixed and adaptive precision GMRES(80), normalized by the duration
of the double precision version.

Backward error 1.0e-09 1.0e-09 1.1e-07 4.5e-08 1.2e-07 2.3e-05 1.0e-09 1.0e-09 1.0e-09

FP644 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Mixed Precision{ 0.99 0.99 0.93 0.

©O

8 0.99 0.

©o

0.5
7 0.98 0.99 0.99

n
0

hood
msdoor 4

CoupCons3D 1
crankseg_1
Flan_1565 4
Si34H36 4
Geo_1438 -

Matrix

— Around 1 to 3% faster than regular GMRES only: trade-off between the benefit

from computing the mixed precision SpMV and the cost of regularly adapting the
precision of A.
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Heuristics

Faster SpMV: Heuristics

The theorem is very “safe” and in many cases, exceeding the boundary does not
necessarily prevent convergence. Therefore multiple heuristics were designed:

m Conservative Heuristics

illa- Ekll 1 ; _ L&l .
® Vanilla: {55 < St min (c7(l C)Hrkﬂ”eg),

[
; CE 1 _ lLell .
= VanillaN: J55 < £ min (c,(l c) T eg),

m Relaxed heuristics

A IIbll g .
m Relaxed 1. 18l < max (e, c = );
Al — & i1l n
Al |bll e
m Relaxed 2: 18l < max (e, c £ );
Al = & = i1l w(A) )
. lEl libll
m Relaxed 3: 18l < max (e, c €g |-
T — & "1l ™8
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Heuristics

Convergence Problems

GMRES (not Restarted) on ss

10° — FP64
— - Vanilla
== Vanilla-N . .

102 — Relaxed 1 Relaxed heuristics end
3 T emxea? up stagnating because
8 1o - Tolerance ied) they are introducing too
w .

2 much perturbations and
3
%10 S S — GMRES breaks.
o
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0 200 400 600 800 1000 1200
Iteration
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Heuristics

Restarting to Succeed

GMRES(80) on ss

10° FP64 .
- Vanilla With restarts, relaxed
Vanilla-N . .

1072 Relaxed 1 heuristics may converge.
3 Relarea2 By restarting often
& 1ot | Tlerance iie?) enough, we are
w . .
E preventing perturbations
%10 from accumulating too
[a]

s ,i much.
A B 1) ..H.:r‘wnl

107 R

0 500 1000 1500 2000 2500
Iteration
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Heuristics

Results on a Few Matrices

Duration of GMRES(80) with the different heuristics, normalized by the duration
of the double precision version.

Backward error 10609 10609 1107 4508 12007 23005 10009 10609  10e-09
-1.0
FP64{ 1.00 1.00 1.00 1.00 1.00 1.00 1.00 ‘ 1.00 ‘ 1.00
-0.8
Vanilla{ 0.99 099 | 093 | 098 | 099 | 097 | 098 | 099 | 0.99
Vanilla-N{ 1.00 1.40 0.88 0.91 0.94 0.94 0.98 0.6
Relaxed 1{ 0.97 138 | 0.86 | 091 0.92 0.92 | 0.96 04
Relaxed2{ 1.01 | 0.92 0.86 | 0.91 0.92 0.92
0.2
Relaxed 3
| ' ' | K ' . 0.0
8 3 & B g 8 88
2 @ 3 2 2 E A 5
S ) ! £ [l o A
g £ o ]
3 S
(]
Matrix
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Heuristics

Mixed Precision Induced Fast Convergence Phenomenon

GMRES(80) on Serena

— FP64
m: = faian Perturbations can
:12 I'\ -- EZFiZE% positively impact
PR . e 109 GMRES.
s | They can potentially
g make the system easier
k: to solve for GMRES.

Iteration
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Conclusion

Conclusion & Future Works

Mixed and adaptive precision GMRES:
m Dynamically adapts the precision of each coefficient of A;
m Improves performance using the Adapt SpMV algorithm;
m Manages to reduce GMRES duration by 5 to 15%.
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Conclusion

Conclusion & Future Works

Mixed and adaptive precision GMRES:
m Dynamically adapts the precision of each coefficient of A;
m Improves performance using the Adapt SpMV algorithm;
m Manages to reduce GMRES duration by 5 to 15%.

Future (possible) works:
m Preliminary paper;
m Mixed precision preconditioners;
m What about other Krylov methods?

Thank you for your attention. Any questions?
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Adapt SpMV
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Adapt SpMv : Precisions

Elements of A are attributed to buckets of various precision, depending on their
amplitude. Buckets bounds are computed using ||Al|, € and the available precisions

u < - < U
0 €| All/ua €| All/us ¢l|All/u2 +o0
| | | | 5
| ! ! !
L J L J L J L J

Precision u4 Precision us Precision us Precision uq



Each element is stored in a matrix corresponding to its precision. The different

Adapt SpMV
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Adapt SpMv : Format & Storage

matrices are in the CSR (Compressed Sparse Row) format.

X
X
X

X

Matrice
Originale

_|_

BF16

FP24
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Adapt SpMv : Decompression

Stored as RP40 ; ; i ‘ ;
uint_tto uint64_ copy H HHHHW T T T L LT
CTTTTTTTT T T TTTTIT SRR
”‘"‘32—“°“‘“‘64—‘°°F’YH HHHHW T T A e A
[T LTI (1T <A
binary or 1UHH\HHIIIHHHIH\IHHH [T T
Accessed as FPe4  |INRRINRINN [T T 1T T (T T T T T O T O T AT T T
L | |

1 bit 11 bits 52 bits



Experiment Set Up: Code & Environment

Code:
m Adapt SpMV: Multi-threaded (OpenMP);

m Composyx: High level linear algebra library, linked to multi-threaded Intel
MKL (used for matrix and vector operations);

m Using Guix for reproducibility and deployment.

Environment:
m Bora nodes of PlaFRIM: 2x 18-core Intel Cascadelake & 192 GB of memory;
m Using only one socket (one CPU / 18 threads);

® Run using numactl -interleave=all.



	Introduction
	Mixed Precision GMRES
	Adapt SpMV
	Relaxed GMRES

	Illustrative Example
	Performance
	Base Performance
	Heuristics

	Conclusion
	Appendix
	References
	Adapt SpMV
	Code


