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A Growing Demand for More (and Less) Precision

Al / Machine Learning Accelerators Scientific Computing / HPC
o Low-prec formats: FP16, bfloatl6, FP8 o High-precision needs: FP64 and
@ Optimized tensor cores (NVIDIA, Intel beyond
AMX, Google TPU) @ Uncertainty quantification, numerical
e Focus on throughput, energy efficiency stability
o Increasingly used for mixed-precision o Limited hardware support beyond double
algorithms @ Software-based quad or arbitrary-prec

/ libs

(e.g. NVIDIA A100, Google TPU) (e.g. x86 CPUs, HPC nodes)
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Hardware landscape is changing

Performance on NVIDIA A100 GPU (normalized to FP16 = 1.0 ~ 312 TFLOP/s)
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Hardware innovation has focused on low precision for speed,
not on extended precision for accuracy.

Multiword arithmetic: combine low-precision words to reach higher
precision flexibly
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Floating-point data

0§ 12 1§ 2§ 43

|||||||||||||’

§ 16§

||||||I;|||||||

o 2! 208 olf 228 238 248

Fi={0}U{£M - 2°7PT1: 2P71 < M < 2P, empin < € < emax}

o Base 2
@ Precision p

o Exponent range defined by enin and emax

Assumption:

® emin = —00 and emax = +00 (unbounded exponent range)
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Floating-point data (continued)

For any z € F \ {0}:
[zl =m-2° m=(x%...x)€[1,2)

Useful units

Unit in the first place: ufp(x) 2¢

Unit in the last place: ulp(x) 2e—ptl

Unit in the last significant place: uls(x) 2k k=max{i€Z|x€2Z}

Unit roundoff: u = 2P

Alternative views (structure of F)

z € ulp(z)Z
|z| = (1 4 2ku) ufp(z), kEN

= FNI[,2) ={1,1+2u,1+4u,...}
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Rounding function

Define the round-to-nearest function:

RN:R — F such that VteR, |RN(t)ft|:Jr£ni;1__|fft|
€

If t € F, then RN(t) =t

RN is non-decreasing

o For a reasonable tie-breaking rule:

RN(—t) = — RN(¢)
RN(£2°) = RN(£)2°, e€Z

Error bound:

|RN() — 1] < S ulp (1) < 3 ulp (RN(1)

Relative error bounds:

|RN() =t _ _u | RN(t) — t|
i T i+u RN@[
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Error-free transformations (EFT)

Floating-point algorithms for computing exact rounding errors:

o Addition:
z+vy— RN(z+y) can be computed in 6 additions (Mgller'65, Knuth)

and not fewer (Kornerup, Lefévre, Louvet, Muller'12 — Most inelegant proof award)

o Multiplication:
zy — RN(zy)

can be obtained

e in 17 operations (4 and x) [Dekker'71, Boldo'06]
e or in only 2 ops if an FMA is available

2:=RN(zy) = zy—2=FMA(z,y,—32)
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EFT: 2Sum

Algorithm 1: 2Sum (a, b)

s+ RN(a+0d)

b—— 25um ——S  t< RN(s—b)

e+ RN(RN(a—t)+ RN (b— RN (s—1)))
return (s, e)

Thm. (2Sum)

Let a,b € F. Algorithm 2Sum computes s, e € F s.t.
e s+e=a+ b exactly
o s= RN (a+0).
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EFT: 2Sum

Algorithm 2: Fast2Sum(a,b)

s+ RN(a+0d)

b— 25um ——S  t< RN(s—b)

e+ RN (RN(a—1t)+RN(b— RN (s—1)))
return (s, e)

Thm. (2Sum)

Let a,b € F. Algorithm 2Sum computes s, e € F s.t.
o s+e=a+b exactly
o s= RN (a+0).

If |b] > |a|] we can use Fast2Sum. J
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EFT: 2ProdFMA

Algorithm 3: 2ProdFMA(a, b)
p <+ RN (a x b)

b QPTOd p e + fma(a, b, —p)

return (p,e)

Thm. (2ProdFMA)

Let a,b € F. Algorithm 2ProdFMA computes p,e € F s.t.

o p+e=axbexactly
o s= RN(a xb).

When considering a bounded exponent range, condition on the exponents needed: e, + ep, > epin +p — 1.
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Double-Word Arithmetic

Fast2Sum, 2Sum, and 2Prod return unevaluated sum of two FP numbers.

Perform more accurate calculations in critical parts of a numerical program.

Leads to double-word or double-double arithmetic [Dekker, 1971], [Hida, Li, and Bailey],
[Briggs]. ...
@ One of most recent forms: pair arithmetic [Rump and Lange, 2020].

Double-word (DW)

A double-word (DW) number z is the unevaluated sum zj;, + z; of two FP numbers z; and
xzy such that

zp = RN (2)
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DWPIlusFP Algorithm [Bailey’s QD, 1999]

Algorithm DWPIlusFP
(sn, s¢) + 28um(zp, y)
v < RN(xy + s¢)
(zh, z¢) < Fast2Sum(sp,v)

return (zp, 2¢)

The relative error satisfies:

(zn +2¢0) = (z +y)
T+y

< 2u?

l
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DWPIlusFP Algorithm [Bailey’s QD, 1999]

Algorithm DWPIlusFP
(shys¢) + 25um(zp, y)
v < RN(xy + s¢)
(zh, z¢) < Fast2Sum(sp,v)

return (zp, 2¢)

The relative error satisfies:

(zn +2¢0) = (z +y)
T+y

< 2u?

l

The error is tight:
Letxp, =1, 2p= (2P —1)-272P, y = 7%(1 —27P). Output is % +3-27P71 and exact
sum is % +3.27P~1 _92-2pP 40 3 relative error of

9—2p+1

~ 9—2p+1 _ 9 o—3p+1
11327201 72 32
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DWPIlusFP Algorithm [Bailey’s QD, 1999]

Algorithm DWPIlusFP
(shys¢) + 25um(zp, y)
v < RN(xy + s¢)
(zh, z¢) < Fast2Sum(sp,v)

s

H

return (zp, 2¢)

The relative error satisfies:

(zn +2¢0) = (z +y)
T+y

< 2u?

l

The error is tight:
Letxp, =1, 2p= (2P —1)-272P, y = 7%(1 —27P). Output is % +3-27P71 and exact
sum is % +3.27P~1 _92-2pP 40 3 relative error of

9—2p+1

~ 9—2p+1 _ 9 o—3p+1
11327201 72 32

When the signs of x;, and y agree, the relative error is bounded by 272p [Lefévre, Louvet, Muller, Picot,
Rideau, ACM TOMS 2023] 10 / 46



AccurateDWPlusDW Algorithm [Li et al., 2000]

Algorithm DWPlusDW |
(sh,s¢) < 2Sum(zp, yp)
(th,te) < 2Sum(ze, ye)
¢+ RN (sg +tp)
(vp,ve) + Fast2Sum(sp, c)
w 4+ RN (t; + vg)
(2h, z¢) < Fast2Sum(vp, w)

return (zp, z¢)

If p > 3, the relative error is bounded by:

3u?
1—4u

=3u® +12u® +48u* + - -
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AccurateDWPlusDW Algorithm [Li et al., 2000]

Algorithm DWPlusDW |
(sh,s¢) < 2Sum(zp, yp)
(th,te) < 2Sum(ze, ye)
¢+ RN (sg +tp)
(vp,ve) + Fast2Sum(sp, c)
w 4+ RN (t; + vg)
(2h, z¢) < Fast2Sum(vp, w)

return (zp, z¢)

If p > 3, the relative error is bounded by:

3u?
1—4u

=3u® +12u® +48u* + - -

o Claim of an error bound of 2u? (in binary64)
o An example was found with error ~ 2.25u?

o When formalizing [MullerRideau2022], minor error
found in the pen and paper proof
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Multiword Arithmetic

Definition
A multiword number (or floating-point expansion) represents a real number as an
unevaluated sum of standard floating-point words:

u=ug+uy+- - +up—1,
with components ordered by magnitude and non-overlapping

|wi+1]| < Func(u;).

I

p2222z22222222

o Each term w; is a standard / hardware float (e.g., double)
@ The higher terms capture rounding residuals from lower ones

o Typical cases: double-double (2 words), triple-double (3 words)

[Dekker '71, Knuth '97, Priest '92]
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Wobbling Precision: Multi-word vs Multi-digit Representations

o Multiple-digit representation (fixed precision):
o long mantissa + a single shared exponent
e arithmetic is correctly rounded and IEEE 754 compatible
e implemented in arbitrary-precision libraries such as GNU MPFR

s e M
7. 4. 7|

o Multiple-word representation (wobbling precision):
e unevaluated sum of several FP words

e overall precision can wobble slightly depending on rounding and overlap
o used in libraries such as QD, CAMPARY

L wm
L U1 H
H Uy H

Un—1
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Redundancy in Multiword Representations

Example: p =5 (radix 2)
The real number R = 1.110100112 x 2! can be represented in several ways: J

R =x0+ x1 + x2:
! 1 3! 5 ' 9-—8
2o = 1.1000 x 271, 12 '2 12 :2

_ -3 T
z1 = 1.0010 x 273, R|1.11010011|
x9 = 1.0110 x 276, o

Zo 10 000
1 : 1,0.0 0 0
x9 ! 1,0 0'1 1

14 / 46



Redundancy in Multiword Representations

Example: p =5 (radix 2)

The real number R = 1.110100112 x 2! can be represented in several ways: J
Most compact R = zg + 21:
-1 1 6-8
{ 20 = 1.1101 x 2~ 1, 12 12
z1 = 1.1000 x 27%. R 110710071
5 1101
21 1,1 000
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Redundancy in Multiword Representations

Example: p =5 (radix 2)

The real number R = 1.110100112 x 2~ can be represented in several ways:

Least compact
R=yo+y1+y2+ys+ys+ys:

yo = 1.0000 x 2~1,
y1 = 1.0000 x 272,
y2 = 1.0000 x 273,
y3 = 1.0000 x 275,
ya = 1.0000 x 278,
ys = 1.0000 x 279,

271273278 279

1,1,1 0,1 0 0;1,1]

]1;0:0 o:0|

1.0 000
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Redundancy in Multiword Representations

Example: p =5 (radix 2)

The real number R = 1.110100112 x 2~ can be represented in several ways:

Least compact
R=yo+y1+y2+ys+ys+ys:

yo = 1.0000 x 2~1,
y1 = 1.0000 x 272,
y2 = 1.0000 x 273,
y3 = 1.0000 x 275,
ya = 1.0000 x 278,
ys = 1.0000 x 279,

271273278 279

1,1,1 0,1 0 0;1,1]

]1;0:0 o:0|

1.0 000
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Redundancy in Multiword Representations

Example: p =5 (radix 2)

The real number R = 1.110100112 x 2~ can be represented in several ways:

Least compact
R=vyo+y1+y2+ys+ys+ys:

yo = 1.0000 x 2~1, R
y1 = 1.0000 x 272,
y2 = 1.0000 x 273, Yo
y3 = 1.0000 x 275, Y1
ya = 1.0000 x 278, o
= 1.0000 x 279.
Y5 n
Ya
Ya

Key point

To convey more information = non-overlapping representation

—> requires (re)normalization algorithms

1271

193195

1279

1,11 0,1 0 0:1: 1]

]1;0:0 o:0|

1.0 000

1,0:.0 0 0] .
1,0 0'0'0

10000
1,0000
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Why It Matters

Precision

Scientific and Engineering Context

o Precision gap: applications which require

Triple-double
more than 53 bits, but MPFR may be too slow Double-double

o Examples: FP64

o Long-time simulations (weather, long time

iterations in dynamical systems) FP16 / bfloat16

o lll-conditioned linear algebra Pe
o Leveraging hardware-compatible, tunable
precision. Multlword arithmetic bridges the gap between
o’ d hardware and full arbitrary precision

Specification issues
o Each variant (Dekker, Knuth, Priest, etc.) has subtle non-overlapping rules

o Correctness proofs and tight error bounds are non-trivial but essential
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Nonoverlapping representations

PNonoverlap (Priest's definition)
For an expansion ug,u1,...,un—1, we have |u;| < ulp (u;—1) for all 0 < i < n.

D) :

: 222222222222

UlpNonoverlap (Relaxed Priest’s definition)

For an expansion ug,u1,...,un—1, we have |u;| < ulp (u;—1) for all 0 < i < n.
7 2 : ,

i ! .

’ 77777
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Nonoverlapping representations

Nonzero-overlapping: SNonoverlap (Shewchuk’s definition)

For an expansion ug,u1,...,un—1, we have |u;| < uls(u;—1) for all 0 < i < n.
ez . ;
| % Z7 H
H | 2. A
| A

Nonzero-overlapping: FNonoverlap (Fabiano's definition)

. 1 .
For an expansion ug, u1,...,un—1, we have |u;| < 5 uls (u;—1) forall 0 < ¢ < n.

] |
7
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VecSumErrBranch

€0 €1 €n—1
t Ef—= E
2Sum —1 2Sum
i ; ;
fo fi fi-1 i
Algorithm 4: VecSumErrBranch
Input: (eo,...,en—1)
Output: (fo, ..., fj—1) _
j=0 o Error free summation:
€0 = €0 n—1 j—1
fori< 1ton—1do
e; = %
(81;,61;) <—25um(€i_1,ei) ; ' kz:%f
if ; # 0 then
fi=si @ carries are propagated
j=3+1 to the right
else
‘ E; = 8

return (fo,..., fj—1)
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Input vs. Output Non-Overlapping in VecSumErrBranch

€0 €2 €n—1
E £
2S5um — 2Sum
V V V
fo fi fim1 I
Input hypothesis Output guarantee
Shewchuk leir1| < uls(e;) | fi+1] < ulp(f;)
Fabiano ‘Ei+1‘ < %uls(ei) ‘fj+1‘ < ulp(fj)
andn <p-—1
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Input vs. Output Non-Overlapping in VecSumErrBranch

€ €n—1
E
n—2|
—1 2Sum [
s
v v v
fo fi fi-1 fi

Formally
Proved
Input hypothesis Output guarantee A
Shewchuk leir1| < uls(e;) | fi+1] < ulp(fy)

Fabiano ‘Ei+1‘ < %uls(ei) |fj+1| < ulp(fj)
andn <p-—1

Boldo, Joldes, Muller & Popescu. Formal verification of a floating-point expansion renormalization algorithm,
International Conference on Interactive Theorem Proving, 2017.

Fabiano, Muller & Picot. Algorithms for triple-word arithmetic, IEEE Transactions on Computers, 2019.
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VecSumErrBranch

e ey ey €n_1
t | | |
Ef— El— E
2Sum 2Sum = 2Sum |—
; ; ;
fo hf fi1 fi

Thm. (Shewchuk-Nonoverlap):

Let e = (eg,...,en—1) with e; € F, and e¢; #0, for 0 < i <n — 1.
SNonoverlap e = UlpNonoverlap (VecSumErrBranch e),
—_— ———
(fo,-->f5)
ie.,
les1|<uls(e;) Vi = |fi+11<ulp(f;) Vj
ez ] ; 7 :
% 7 = i i
' | % 7| 4 1% Z|
Observations:

@ Trivial for at most 2 inputs.

o Interleaving zeros can be safely ignored.
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

a b a+b—RN(a+b) £
I R L [R J

2Sum 2Sum 0 — 28um [
RN(a +b) :
v v ¥

@ Proved by structural induction on tail of input list (a :: b :: ).
@ Two elements, a and b are processed at a time, then recursion on a smaller list:

VecSumErrBranch ((a + b) :: £), ifa+b— RN(a+b)=0
RN (a + b) :: VecSumErrBranch (a +b — RN (a + b) :: £), otherwise
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

BN J

E E
a
—1 2Sum s = 2Sum [
S ‘ S
; UlpNonoverlap v

o Induction Hypothesis:
Va,
Forall nonzero (a :: £),

Forall FP (a :: ¢),

SNonoverlap(a :: £) — UlpNonoverlap (VecSumErrBranch (a :: £))
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

BN J

v UlpNonoverlap v
o Induction Hypothesis:

Va,
Forall nonzero (a :: £),

Forall FP (a :: ¢),

SNonoverlap(a :: £) — UlpNonoverlap (VecSumErrBranch (a

i 0))
@ Additional Lemmas:
VYa,b,
Forall nonzero (a :: b :: £), RN (a 4+ b) # 0,
Forall FP (a :: b :: £), - SNonoverlap (RN (a + b) :: £),
SNonoverlap(a :: b :: £)
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

RN(a +b)

v UlpNonoverlap v
o Induction Hypothesis:

Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

SNonoverlap(a :: £) — UlpNonoverlap (VecSumErrBranch (a :: £))
@ Additional Lemmas:
VYa,b,
Forall nonzero (a :: b :: £), RN (a 4+ b) # 0,
Forall FP (a :: b :: £), - SNonoverlap (RN (a + b) :: £),
SNonoverlap(a :: b :: £)

o Combined with IH:

— UlpNonoverlap (VecSumErrBranch (RN (a + b) :: £))
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

a

3 3 E|
RN(a + b)
2Sum ~— 2Sum

—

L‘ \ ‘ \
; UlpNonoverlap ;

o Induction Hypothesis:

Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

SNonoverlap(a :: £) — UlpNonoverlap (VecSumErrBranch (a :: £))
@ Additional Lemmas:
VYa,b,
Forall nonzero (a :: b :: £), RN (a 4+ b) # 0,
Forall FP (a :: b :: £), - SNonoverlap (RN (a + b) :: £),
SNonoverlap(a :: b :: £)

o Combined with IH:

— UlpNonoverlap (VecSumErrBranch (RN (a +b) :: £)) /(Exact addition case)
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

a+b—RN(a+b)
o

v UlpNonoverlap v
o Induction Hypothesis:

Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

SNonoverlap(a :: £) — UlpNonoverlap (VecSumErrBranch (a :: £))
@ Additional Lemmas:
VYa,b,
Forall nonzero (a :: b :: £), RN (a 4+ b) # 0,
Forall FP (a :: b :: £), - SNonoverlap (RN (a + b) :: £),
SNonoverlap(a :: b :: £)

SNonoverlap(a + b — RN (a + b) :: £)
o Combined with IH:

— UlpNonoverlap (VecSumErrBranch (RN (a +b) :: £)) (Exact addition case)
— UlpNonoverlap (VecSumErrBranch (a +b— RN (a +b) :: £))
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

a

E E| E|
a +b—RN(a + b)
2S5um 70 2Sum « 1 2Sum [—
s S ‘ S
| RN(a +b) H - :
v v UlpNonoverlap H
o Induction Hypothesis:
Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

SNonoverlap(a :: £) — UlpNonoverlap (VecSumErrBranch (a :: £))
@ Additional Lemmas:
VYa,b,
Forall nonzero (a :: b :: £), RN (a 4+ b) # 0,
Forall FP (a :: b :: £), - SNonoverlap (RN (a + b) :: £),
SNonoverlap(a :: b :: £)

SNonoverlap(a + b — RN (a + b) :: £)
o Combined with IH:

— UlpNonoverlap (VecSumErrBranch (RN (a +b) :: £)) (Exact addition case)
— UlpNonoverlap (VecSumErrBranch (a +b— RN (a +b) :: £))

22 / 46



Proof of Thm. Shewchuk-Nonoverlap mp2017]

I E| F
a+b—RN(a+b)
2Sum 7o 2Sum s — 2Sum [
s S ‘ S
1 RN(a +b) o
; ; UlpNonoverlap v

o v/ Exact addition case follows directly from IH.
o Otherwise, reconstruction of output:

RN (a + b) :: VecSumErrBranch (a +b— RN (a +b) :: £)

UlpNonoverlap
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

I E| F
a+b—RN(a+b)
2Sum 7o 2Sum s — 2Sum [
s S ‘ S
1 RN(a +b) z! o :
; ; UlpNonoverlap v

o v/ Exact addition case follows directly from IH.
o Otherwise, reconstruction of output:

RN (a + b) :: VecSumErrBranch (a +b— RN (a +b) :: £)

(z = ..)

z = RN(a+b—RN(a+b)+> ) #0
i<k
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

I E| F
a+b—RN(a+b)
2Sum 7o 2Sum s — 2Sum [
s S ‘ S
' RN(a +b) ,v o :
; ; UlpNonoverlap v

o v/ Exact addition case follows directly from IH.
o Otherwise, reconstruction of output:

RN (a + b) :: VecSumErrBranch (a +b— RN (a +b) :: £)

(z = ..)
Prove that:

|z = [RN (a+b— RN (a+b)+ > _ &) < ulp (RN (a + b))
i<k
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

Need to prove that:
For all nonzero a,b,41,...,¢; € F, with SNonoverlap(a,b :: £) and
a+b— RN(a+b)#0, we have

IRN(a+b— RN(a+b)+ > £)| < ulp(RN(a+b)).
i<k

Recall that: 1 1
V]a+b— RN(a+b)| < 5u|p(a+b)§ Eulp(RN(aer))
VIf y € Fand x <y, then RN(z) <y

It remains to prove that | > ¢;| < |a+b— RN (a -+ b)| under the conditions above.
i<k
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

SNonoverlap property
For all a,b € F, a # 0, uls(a) > |b| iif there exist e, n € Z s.t. a =n2°¢ and |b] < 2¢.

uls (a) = gmax{ kez | ac2*z} > |b]
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

SNonoverlap property

For all nonzero a,b,c € F,
SNonoverlap (a :: b:: ¢) = SNonoverlap (RN (a +b) :: ¢)
and
SNonoverlap (a+b— RN (a+b) :: ¢). )
Proof.
|b] < uls(a) <= there exist eq € Z and ng € Z, s.t. a =ng2°¢ and |b] < 2%
lc| < uls(b) <= there exist e, € Z and ny, € Z, s.t. b=mn,2% and |c| < 2°
So |b| < |a] and e}, < eq, which implies RN (a 4 b) € 2¢¢Z and RN (a + b) # 0.
Hence |RN (a + b)| > 2¢ > c.
A similar argument gives a + b — RN (a 4 b) € 2¢Z.
)
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

SNonoverlap property

For all nonzero a,b,c € F,
SNonoverlap (a :: b::c) = |b+¢| < uls(a).
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

SNonoverlap property

For all nonzero a,b,c € F,
SNonoverlap (a :: b::c) = |b+¢| < uls(a).

Proof.
s.t. a =ngq 2% and |b| < 2%

|b] < uls(a) <= there exist eq € Z and nq, € Z,
le] < uls(b) <= there exist e, € Z and ny, € Z, s.t. b=n,2° and |c| < 2°

First note that e, < eq and |np| < 2%~ — 1.
So [b+c| < |np| 25 + 260 < (Ing| + 1) 2¢ < 2¢a.
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

SNonoverlap property

For all nonzero a,b,c € F,
SNonoverlap (a :: b::c) = |b+c| < uls(a).

SNonoverlap property

For all nonzero a,?1,...,4, € F,
SNonoverlap (a :: £1 ... 4g) = | > £;| < uls(a).
i<k
Bz
|7 )
; 7 %)
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Proof of Thm. Shewchuk-Nonoverlap mp2017]

SNonoverlap property

For all nonzero a,b,c € F,
SNonoverlap (a :: b::c) = |b+c| < uls(a).

SNonoverlap property

For all nonzero a,?1,...,4, € F,
SNonoverlap (a :: €1 ... 4g) => | > £;| < uls(a)
i<k
zZzZzZz ] ;
|7 )
|7 7|
So, SNonoverlap (a+b— RN (a+0b) :: £y :: ... 0 €) = | > 4;| < uls(a+b— RN (a+Db)).
i<k
Finally, | 3° 4;| < |a+b— RN (a+ b)|.
i<k
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Input vs. Output Non-Overlapping in VecSumErrBranch

€o €n—1
En—2
— 2Sum [—
s
v v v
fo fi fie1 fi

Formally
Input hypothesis Output guarantee Proved!
nput hyp i utput guaran A
Shewchuk leir1] < uls(eq) | fi+1] < ulp(fy)

Fabiano lesyr] < Suls(es)  [fiva| < ulp(f)
andn <p-1

Boldo, Joldes, Muller & Popescu. Formal verification of a floating-point expansion renormalization algorithm,
International Conference on Interactive Theorem Proving, 2017.

Fabiano, Muller & Picot. Algorithms for triple-word arithmetic, IEEE Transactions on Computers, 2019.
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€o €n—1

Fast

== 28um |—
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1 t;l othesis Output guarantee Proved!
nput hyp i utput guaran A
Shewchuk leir1] < uls(eq) | fi+1] < ulp(fy)

Fabiano lesyr] < suls(es)  [fira| < ulp(f;)
andn <p-—1
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Vibe Coding in Rocq

. YuchenlJin @ »
@Yuchenj UW

| saw a guy coding today.

Tab 1 ChatGPT.

Tab 2 Gemini.

Tab 3 Claude.

Tab 4 Grok.

Tab 5 DeepSeek.

He asked every Al the same exact question.
Patiently waited, then pasted each response into
5 different Python files.

Hit run on all five.

Pick the best one.

Like a psychopath.

It's me.



VecSumErrBranch

e ey ey €n_1
t | | |
Ef— El— E
2Sum 2Sum —1 2Sum [—
i i i
fo hf fi1 fi

Thm. (Shewchuk-Nonoverlap):
Let e = (eg,...,en—1) with e; € F, and e¢; #0, for 0 < i <n — 1.

SNonoverlap e = UlpNonoverlap(VecSumErrBranch e),
—_—
(fos--f5)
ie.,
le;r1] < uls(e;) Vi = | fi+1| < ulp(f;) Vi
ez | E ; :
% 7 = i i
! 7 2| ; 7
Observations:

@ Trivial for at most 2 inputs.

@ Interleaving zeros can be safely ignored.
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VecSumErrBranch

€0 €1 €n—1

L 2Sum — 2Sum [—
V V i
fo fi fie1 I

Thm. (Fabiano-Nonoverlap):
Let e = (eg,...,en—1) withe; € F,and e; #0,for 0 <i<n—1,n<p-—1.

FNonoverlap e = PNonoverlap(VecSumErrBranch e),
N ———
(fos--5f5)
ie.,
1 . .
|ei+1|§§uls(ei)Vz = [ fi+1|<ulp(f;) V5
; & 7 :
| A
Observations:

@ Trivial for at most 2 inputs.

o Interleaving zeros can be safely ignored.
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

a b a+b—RN(a+b) £
I R L [R J

2Sum 2Sum 0 — 28um [
RN(a +b) :
v v ¥

@ Proved by structural induction on tail of input list (a :: b :: ).
@ Two elements, a and b are processed at a time, then recursion on a smaller list:

VecSumErrBranch ((a + b) :: £), ifa+b— RN(a+b)=0
RN (a + b) :: VecSumErrBranch (a +b — RN (a + b) :: £), otherwise
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

BN J

E E
a
—1 2Sum s = 2Sum [
S ‘ S
; UlpNonoverlap v

o Induction Hypothesis:
Va,
Forall nonzero (a :: £),

Forall FP (a :: ¢),

FNonoverlap (a :: £) — PNonoverlap (VecSumErrBranch (a :: £))
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BN J

v UlpNonoverlap v
o Induction Hypothesis:

Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

FNonoverlap (a :: £) — PNonoverlap (VecSumErrBranch (a :: £))
o Additional Lemmas:

Va,b,

Forall nonzero (a :: b :: £), RN (a + b) # 0,

Forall FP (a :: b :: ¢), - FNonoverlap( RN (a + b) :: £),
FNonoverlap(a :: b :: £)
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

BN J

RN(a + b)

v UlpNonoverlap v
o Induction Hypothesis:

Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

FNonoverlap (a :: £) — PNonoverlap (VecSumErrBranch (a :: £))
o Additional Lemmas:

Va,b,

Forall nonzero (a :: b :: £), RN (a + b) # 0,

Forall FP (a :: b :: ¢), - FNonoverlap( RN (a + b) :: £),
FNonoverlap(a :: b :: £)

o Combined with IH:

— PNonoverlap (VecSumErrBranch (RN (a + b) :: £))
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

a

E|
RN(a + b)
2Sum ~— 2Sum

—

i—‘ \ ‘ I
; UlpNonoverlap ;

o Induction Hypothesis:

Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

FNonoverlap (a :: £) — PNonoverlap (VecSumErrBranch (a :: £))
o Additional Lemmas:

Va,b,

Forall nonzero (a :: b :: £), RN (a + b) # 0,

Forall FP (a :: b :: ¢), - FNonoverlap( RN (a + b) :: £),
FNonoverlap(a :: b :: £)

o Combined with IH:

— PNonoverlap (VecSumErrBranch (RN (a + b) :: £)) /(Exact addition case)
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

s

a+b—RN(a+b)
o

v UlpNonoverlap v
o Induction Hypothesis:

Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

FNonoverlap (a :: £) — PNonoverlap (VecSumErrBranch (a :: £))
o Additional Lemmas:

Va,b,

Forall nonzero (a :: b :: £), RN (a + b) # 0,

Forall FP (a :: b :: ¢), - FNonoverlap( RN (a + b) :: £),
FNonoverlap(a :: b :: £)

FNonoverlap(a + b — RN (a + b) :: £)
o Combined with IH:

— PNonoverlap (VecSumErrBranch (RN (a + b) :: £))

v (Exact addition case)
— PNonoverlap (VecSumErrBranch (a +b— RN (a +b) :: £))
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

a

i T

E E| E|
a +b—RN(a + b)
2S5um 70 2Sum 0 — 28um [
S S ‘ S
| RN(a +b) . —— ;
i ; UlpNonoverlap ;
o Induction Hypothesis:
Va,

Forall nonzero (a :: £),

Forall FP (a :: ¢),

FNonoverlap (a :: £) — PNonoverlap (VecSumErrBranch (a :: £))
o Additional Lemmas:

Va,b,
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Forall FP (a :: b :: ¢), - FNonoverlap( RN (a + b) :: £),
FNonoverlap(a :: b :: £)
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

I E| F
a+b—RN(a+b)
2Sum 7o 2Sum s — 2Sum [
s S ‘ S
1 RN(a +b) : o :
; ; UlpNonoverlap v

o v/ Exact addition case follows directly from IH.
o Otherwise, reconstruction of output:

RN (a + b) :: VecSumErrBranch (a +b— RN (a +b) :: £)

PNonoverlap
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

I E| F
a+b—RN(a+b)
2Sum 7o 2Sum s — 2Sum [
s S ‘ S
| RN(a +b) z! e :
B i UlpNonoverlap 5

o v/ Exact addition case follows directly from IH.
o Otherwise, reconstruction of output:

RN (a + b) :: VecSumErrBranch (a +b— RN (a +b) :: £)

(z = ..)

@ = RN(a+b— RN(a+b)+> ) #0
i<k
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

I E| F
a+b—RN(a+b)
2Sum 7o 2Sum s — 2Sum [
s S ‘ S
| RN(a +b) z! e :
B i UlpNonoverlap 5

o v/ Exact addition case follows directly from IH.
o Otherwise, reconstruction of output:

RN (a + b) :: VecSumErrBranch (a +b— RN (a +b) :: £)

(z = ..)
Prove that:

|z = RN (a+b— RN (a+b)+ > _£;)]  <ulp(RN(a+b))
i<k
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

Need to prove that:
For all nonzero a,b,{1,...,¢; € F, with FNonoverlap(a,b :: £) and
a+b— RN (a+b) # 0, we have

|RN (a+b— RN(a+b)+ > £)|<ulp(RN(a+b)).
i<k

Recall that: 0 1
V]a+b— RN(a+0b)| < §u|p(a+b) < Eulp(RN(a—l—b))
VIf y € Fand z <y, then RN (z) <y ... not very useful directly...

33 / 46



Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

FNonoverlap property

1
For all a,b € F, a # 0, 5 uls (a)>1b| iif there exist e, n € Z s.t. a =n2° and |b] <2671

/ 2max{ keZ | aGQkZ}

uls (a) =
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

FNonoverlap property

For all nonzero a,b,c € F,
FNonoverlap (a :: b :: ¢) = FNonoverlap (RN (a +b) :: ¢)
and
FNonoverlap (a +b— RN (a +b) :: ¢). )
Proof.
1
[b]< 5 uls(a) <= there exist e, € Z and ng € Z, st. a=mng2° and [b|<2% !
1
le]< 5 uls(b) <= there exist e, € Z and ny, € Z, s.t. b=n2% and |¢[<2°%!
1
So |b|< §\a| and ep<eq — 1, which implies RN (a + b) € 2¢0Z and RN (a + b) # 0.
A similar argument gives a + b — RN (a + b) € 2¢Z. )

35 / 46



Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

SNonoverlap property

For all nonzero a, b, c € F,
SNonoverlap (a :: b::¢c) = |b+ c| < uls(a).
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

FNonoverlap property
For all nonzero a,b,c € F,

1
FNonoverlap (a::b:c) = |b+¢| £ 3 uls (a).

1
Example: b= 3 uls (a) and ¢ > 0.
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Realizing this little change implies modifying some Rocq code...
(that | barely understand)



Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

FNonoverlap property

For all nonzero a,¢1,...,4, € F,
FNonoverlap (a €1 ... €,) = |a+ > 4| <la| (2—27F).
1<k
= 4
Proof.
1
2] < Sl
1 H
ne =
) g
[te] < = lal
2 y
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

FNonoverlap property

For all nonzero a,¢1,...,4, € F,
FNonoverlap (a €1 ... €,) = |a+ > 4| <la| (2—27F).
1<k
= 4
Proof.
1
[61] < 5 lal
1 H
ne =
lex] < —1al
2 v
So, FNonoverlap (a +b— RN (a+b) :: €1 1 ... 11 4) =

a+b—RN(a+b)+ 3 &

i<k

< ulp (RN (a + b)) (1 - 2"“‘1) .
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

FNonoverlap property
For all nonzero a,¢1,...,4, € F,
FNonoverlap (a €1 ... €,) = |a+ > 4| <la| (2—27F).
1<k
- 4
Proof.
1
[61] < 5 lal
1 H
ne =
6l < o lal )
So, FNonoverlap (a +b— RN (a+b) :: €1 1 ... 11 4) =

a+b—RN(a+b)+ 3 6| < ulp(RN(a+b) (1-277").

i<k

€F, when k+1<p

VIf y € Fand z < y, then RN (z) < y.
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Proof of Thm. Fabiano-Nonoverlap [syivie’s code ROCQ & Flocq + ChatGPT]

FNonoverlap property

For all nonzero a,¢1,...,4, € F,
FNonoverlap (a €1 ... €,) = |a+ > 4| <la| (2—27F).
1<k
= 4
Proof.
1
[61] < 5 lal
1 H
ne =
lex] < —1al
2 y
So, FNonoverlap (a +b— RN (a+b) :: €1 1 ... 11 4) =

a+b—RN(a+b)+ 3 &

< ulp (RN (a + b)) (1 - 2"“‘1) .

€F, when k+1<p
VIf y € Fand z < y, then RN (z) < y.
Finally,

‘RN(aerf RN (a +b) + > £;)| < ulp (RN (a +b)).
i<k
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Input vs. Output Non-Overlapping in VecSumErrBranch

[ €n—1
.| Fast ©
— 2Sum [
V i V
fo fi fi-1 fi
Formally
. Proved
Input hypothesis Output guarantee
Shewchuk leir1] < uls(eq) | fi+1] < ulp(fy)
Fabiano leit1] < Suls(ei)  [fi+1] < ulp(fy)

andn <p-1

Note: The proof also handles subnormals without any issues.

Boldo, Joldes, Muller & Popescu. Formal verification of a floating-point expansion renormalization algorithm,
International Conference on Interactive Theorem Proving, 2017.

Fabiano, Muller & Picot. Algorithms for triple-word arithmetic, IEEE Transactions on Computers, 2019.
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ChatGPT
+
Existing Rocq Code
+
me

o=

Jean-Michel
+
pen and paper proofs




Renormalisation Algorithms

le—

L N S |
E| E| E
2Sum 2Sum = = —1 2Sum [—

<
<e-
-
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Renormalisation Algorithms

| | |

2Sum 2Sum |— e | 2Sum (-

| | |
- 1

2Sum

E—
|
|
|

" = |
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VecSum

Zo Tn-3 Tn—2 Tn-1

s1 s, o]

ke e e o 24 28um s 2Sum

0
®
3

€n €1 €n—2 €n—1
Algorithm 5: VecSum
Input: zo,...,Tn—1
Qutput: ep,...,en—1 Thm.
for i < n —1 down to 1 do i cF 20 by at < o digit
) ) o Ty, Tm—1 overlap by at most d < p — igits
‘ (87‘_1’ ez) A 2sum(z“ 377,—1) —» SNonoverlap (eqg,...,€n—1).
ep < So
return ep,...,en—1
X e
Tz, : ez | :
| % LA H | % 7 H
H | % A H | A
| A | % A

Boldo, Joldes, Muller & Popescu. Formal verification of a floating-point expansion renormalization algorithm,
International Conference on Interactive Theorem Proving, 2017.
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VecSum

Proof of the VecSum algorithm property Here is some excerpt of the proof
in [10]:
[z 1] + @) 2|+ <
< [29 4 2%47P 4 2342 4 94d=3p L Tulp(ay)
<2d.97/(2P — 1) - ulp(a;).
[This is partly wrong! In fact the geometric series should be bounded by:
2d + 22d—p + 23d—2p + 24d—3p +..-< 2d/(] _ 2d—p)A

The proof can be fixed as the two inequalities were coarse enough, so there is no
problem at this point.

[10] is Joldes, Marty, Muller, Popescu. Arithmetic algorithms for extended precision using floating-point
expansions, IEEE TC, 2015

Boldo, Joldes, Muller & Popescu. Formal verification of a floating-point expansion renormalization algorithm,
International Conference on Interactive Theorem Proving, 2017.
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VecSum... Reloaded

Of Zu, tmat must be tne case 1oF one of e z;,) < 1 — Z n
21 VecSum particular, we have 2/ < 1, hence 2"-2 < 1, s02k-1 < 1,
The VecSum algorithm (Algorithm 4) first appears as a  which contradicts [¢,] < 2u2t-1.
part of Priest’s normalization algorithm [26]. The name 1y, nditions on the input of Theorem 1 are complex,
VecSum” was coined by Ogita et al [24]. The aim of _ ; !
‘ was ¢ The aim of *J; ve will use the following corollary:

this algorithm is to turn a sequence that is “slightly

nonoverlapping into one that is “more” nonoverlapping, Corollary 1. Assume tat we have I < [1,n — 2] with no 2
with no error. It s illustrated Fig. 1. consecutive indices such that

1
Algorithm 4 - VecSum(z,, 1)- (67— 6 operations) Vi€ [0.n—2)i ¢ Lufp(rir) < Fufp(z:),

Ensure: co+ -+ a1 = 20+ + Tn1 and
Sp-1 ¢ Tpno1 .
fori=n-2to0do Vi € I, ufp(wis1) < 2P ?uls(x;) and ufp(xisr) —ufp 2io1)
e = Zum{a ) Then VecSum(zo, .. ., &) is F-nonoverlapping with the
’ same sum. In this case, Fast2Sum can be used instead of 2Sum,
€ & So . . P .
return (eo,e1,. so that Algorithm 4 only costs 3n — 3 operations.
Proof: For i ¢ I, we take k;, = ¢, the canonical
exponent, and for i € I, we take k; = max(kis1 +1,¢5,).
20 P P This is possible because: 2¢+1~7+2[z, and 2¢~7+1z,,
which lmp]y 2Pz, and [a] < 2- '2¢-., which imply
o] <22
. Fori,i+1¢ I, wehave ks < k; — L For i € I, we

have on one hand k,,, < k, — 1, and on the other hand
ex, <kii—land kigy S ki1 —2s0 ki <k -1,
o

... and no formal proof yet!

Fabiano, Muller & Picot. Algorithms for triple-word arithmetic, IEEE Transactions on Computers, 2019.
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Triple-word (TW) algorithms

To-TW
a b c
\‘ 25um |
VecSum
VecSumErrBranc
If a,b,c € F, then To-TW(a,b,c) is a TW, provided that p > 4. J

Fabiano, Muller & Picot. Algorithms for triple-word arithmetic, IEEE Transactions on Computers, 2019.
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Triple-word (TW) algorithms

TWSum

To X1 T2 Yo Y1 Yo
Ll ]
Merge
VecSum
VecSumErrBranch

Lol

Fabiano, Muller & Picot. Algorithms for triple-word arithmetic, IEEE Transactions on Computers, 2019.
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Triple-double algorithms

3ProdAcc

Lo T T Yo Y Y2

| | 2Prod
o
Z01
|_ VecSum
by by [lgl
EZREZIEA
c 23,1 232
| VecSum
€y f’ll ‘lzl €3 i
| VecSumErrBranch |

0] 1 l T2 l

Fabiano, Muller & Picot. Algorithms for triple-word arithmetic, IEEE Transactions on Computers, 2019.
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Outline

@ Floating-Point (FP) Fundamentals and Error-Free Transforms

Double words

e Multiple words (FP Expansions)

o VecSumErrBranch — A sketch of a proof

@ Triple words

@ Conclusion



Conclusion

@ An insight into the fundamentals of EFT-based algorithms for Multiword arithmetic
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This meme is trivial and has been left
as an exercise to the audience.



