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To accelerate ML, we need some elementary functions. We are specifically interested in:

° L for batch normalisation
VX

1 expi
. . . . p%i . . 1 . X
* 5 for various activation functions (softmax S e sigmoid ==, swish - —,

1—exp— %
tanh -— "= Top T )
e /x in case anyone invents yet another activation function between now and when the

accelerator is produced
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To accelerate ML, we need some elementary functions. We are specifically interested in:

. VX

x| =

]
Vx

Same family of function. Generally computed in the same units, in a similar way.
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To accelerate ML, we need some elementary functions. We are specifically interested in:

. VX

x| =

]
Vx

Same family of function. Generally computed in the same units, in a similar way.

e FP16, typical in ML accelerator, probably precise enough
e FP32, just in case (and handy for other applications).
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@ Guess the result.
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© Guess the result.
® Make the guess a little bit better using maths.
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© Guess the result.
® Make the guess a little bit better using maths.
©® Repeat step 2 as much as needed.
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© Guess the result.

® Make the guess a little bit better using maths.

© Repeat step 2 as much as needed.

@ Once the guess is close enough, apply a formula to obtain Correct Rounding.
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© Guess the result.
® Make the guess a little bit better using maths.

©® Repeat step 2 as much as needed.
@ Once the guess is close enough, apply a formula to obtain Correct Rounding.

Goal: Not spend too much time on step 2 (and 3).
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© Guess the result.
® Make the guess a little bit better using maths.

©® Repeat step 2 as much as needed.
@ Once the guess is close enough, apply a formula to obtain Correct Rounding.

Goal: Not spend too much time on step 2 (and 3).
That is : skip it for FP16, once for FP32.

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>



© Guess the result.
@® Make the guess a little bit better using maths.

© Repeat step 2 as much as needed.
@ Once the guess is close enough, apply a formula to obtain Correct Rounding.

Goal: Not spend too much time on step 2 (and 3).
That is : skip it for FP16, once for FP32.

We need a very good guess.
Guess is pre-computed, and stored in hardware in a table.

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>



régane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin



égane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>




o /X~ XX % This is actually the standard way of computing v/x
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* /X~ XX 17 This is actually the standard way of computing v/x
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Adapting table compression and function evaluation techniques
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SMEM (SPM / L2Cache)

64x 64-bit 64x 256-bit

Registers Registers

Execution Basic Linear
Units Algebra Unit

VLIW Core
Coprocessor
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KarayMPPA ———
‘2564:&

e Core can do either FP32 1 or FP32 /x: fully in
hardware, pipelined in 12 cycles. B4x 64-bit Sz

Registers

Execution Basic Linear
Algebra Unit

Coprocessor

o
=
[¢]
(&)
2
=
>

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>



KarayMPPA ol
‘2564:“

e Core can do either FP32 1 or FP32 /x: fully in
hardware, pipelined in 12 cycles. B4x 64-bit Sz

Registers
e Co-Processor has a bunch of Single Instruction

Multiple Data FP16 and FP32 Fused Multiply e omtion S
Add (8 now, 16 in next generation MPPA)

Coprocessor
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KaayMPPA o
. 1 . ‘256—blt
e Core can do either FP32 ; or FP32 /x: fully in
64x 256-bit
.

64x 64-bit
isters

4x
Reg

hardware, pipelined in 12 cycles.
e Co-Processor has a bunch of Single Instruction
Multiple Data FP16 and FP32 Fused Multiply bacic Linear
Add (8 now, 16 in next generation MPPA) Algebra Unit

Execution
Units

VLIW Core
Coprocessor

— Use the full power of the FMAs to compute the iterations.
Decent throughput, small hardware footprint.

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>



If there are 16 seed table operators, and 16 SIMD FMAs :
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If there are 16 seed table operators, and 16 SIMD FMAs :

Fun | Measure FP32 FP16
Core (CR) | Algo (CR) | Algo (FR) | Algo (CR) | Algo (err < 1.4ulp) |
1 Latency 12 21 13 13 5
x| Throughput 1 3.2 13 5.3 16
Latency 12 22 14 13 5
VX Throughput 1 2.3 4 4 16
1 Latency 24 0 14 1 1 (CR)
Vx| Throughput 0.5 0 4 16 16 (CR)
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If there are 16 seed table operators, and 16 SIMD FMAs :

Fun | Measure FP32 FP16
Core (CR) | Algo (CR) | Algo (FR) | Algo (CR) | Algo (err < 1.4ulp) |
1 Latency 12 21 13 13 5
X | Throughput 1 3.2 13 5.3 16
Latency 12 22 14 13 5
VX Throughput 1 2.3 4 4 16
1 Latency 24 0 14 1 1 (CR)
Vx| Throughput 0.5 0 4 16 16 (CR)

— Always better throughput, and very fast FP16
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fe=2k+1,keZ

1 1 {Z‘kx\/+—,__ ife=2k, keZ
p— '1
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&

1 1 {z*x—L- ife=2k, keZ
va 2ex1.F TN

2k x fe=2k+1,keZ
. . . 1 1 .
We just need fixed-point guesses for AF and T5TE for F € uFix(—1,—-23).
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&

1 1 {z*x—L- ife=2k, keZ
va 2ex1.F TN

2k x fe=2k+1,keZ
. . . 1 1 .
We just need fixed-point guesses for AF and T5TE for F € uFix(—1,—-23).
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2Win

address | content
00000 00000
00001 | 00011
00010 | 00011
00011 | 00101
11101 | 11111
11110 | 11111
11111 | 11111
Wout



e The seed is not the exact result : wot < 24
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2Win

address | content
00000 | 00000
00001 | 00011
00010 | 00011
00011 | 00101
11101 | 11111
11110 | 11111
11111 | 11111
Wout



e The seed is not the exact result : wot < 24

¢ Multiple close numbers can have the same seed :
Win < 24
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2Win

address | content
00000 | 00000
00001 | 00011
00010 | 00011
00011 | 00101
11101 | 11111
11110 | 11111
11111 | 11111
Wout



e The seed is not the exact result : wot < 24

¢ Multiple close numbers can have the same seed :
Winh < 24
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2Win

address | content
00000 00000
00001 | 00011
00010 | 00011
00011 | 00101
11101 | 11111
11110 | 11111
11111 | 11111
Wout



® The seed is not the exact result : wyyt < 24 address | content
¢ Multiple close numbers can have the same seed : 00000 | 00000
Winh < 24 00001 | 00011

00010 00011

00011 | 00101
2Win
For each table input: ce e

11101 | 11111
11110 | 11111
11111 | 11111

>

Wout
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® The seed is not the exact result : wyyt < 24 address | content
¢ Multiple close numbers can have the same seed : 00000 | 00000
Winh < 24 00001 | 00011

00010 00011

00011 | 00101
2Win
For each table input:

@ Guess a seed

11101 11111
11110 11111
11111 11111

>

Wout
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® The seed is not the exact result : wyyt < 24 address | content
¢ Multiple close numbers can have the same seed : 00000 | 00000
Winh < 24 00001 | 00011

00010 00011
00011 00101

2Win
For each table input: o A
11101 | 11111
@ Guess a seed 17110 | 11111
® For every FP32 and FP16 in [1,4) that has this table 11111 | 11111
input, —

Wout
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® The seed is not the exact result : wyyt < 24 address | content
¢ Multiple close numbers can have the same seed : 00000 | 00000
Winh < 24 00001 | 00011

00010 00011
00011 00101

Win
For each table input: 2 S o
11101 | 11111
© Guess a seed 11110 | 11111
® For every FP32 and FP16 in [1,4) that has this table 11111 | 11111
input, test all the software algos with that seed >

Wout
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® The seed is not the exact result : wyyt < 24 address | content
¢ Multiple close numbers can have the same seed : 00000 | 00000
Winh < 24 00001 | 00011

00010 00011
00011 00101

2Win
For each table input: 1101 | 11111
@ Guess a seed 11110 | 11111
® For every FP32 and FP16 in [1,4) that has this table 11111 | 11111
input, test all the software algos with that seed >

. Wout
@ [f it does not work, try another seed.
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Theory says wj, = Woyut = 12 should work.
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Win = 12, Wout = 12

67000 e e e
2 4,000 8
>
Q
£
o 2659
o]
2 2,000 .
0 L O O B B

0 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds
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Win = 12, Wout = 13
I e e e e B o O A |

4,000 || |
2 3000| || |
o
£
2 2,000 -
@

1,000 | |

488
0 1 _‘\\\\\HHHH\\\\\\\\\HHHHHHHHHHHHHHHHHHH
0 10 15 20 25 30 35 40 45 50 55 60 63+

Potential seeds
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Win = 12, Wout = 14

3,000 ]
. |
3 2,000 .
£ n
@
3
F 1,000 ]

16|;
0 H I FrTrrrrrrrrrrrrrr T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T

0O 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds
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Win = 12, Wout = 15

1,500 | |
§2]
>
Q = —
£ 1,000 :
o
o) u
K

500 | -

66
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0O 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds
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Win = 12, Wout = 16
I e e e e B o O A |

1,200 -
1,000 | .

800 |- i 8
600 |- i :
400 .

200 | :
29

0 HHHH\ T FrrrrrrrrTTrT T T T T T T T T T T T T T T T T T T T T T T T T T T T T T TTT T

0O 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds
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Table inputs




Win = 12, Wout = 17

600 |-

400 - - _

Table inputs

200 |-

24
0 rrrrrrrrT T T T T T T T T T T T T T T T T T T T T T

0O 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>




Win = 12, Wout = 18
I e e e e B o O A |

400 |- 8

300 |- ] .

200 |- 8

Table inputs

100 :

23

0 rrrrrrerrrrrrrrrrrT T T T T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 55 60 63+

Potential seeds
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Something isn’t working. ..
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Win = 13, Wout = 12
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Win = 13, Wout = 13
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Win = 13, Wout = 14

6,000 |

4,000 | i

Table inputs

2,000

0 \04_ Frrrrrrrrrrr T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T TTTTTT
0O 5 10 15 20 25 30 35 40 45 50 55 60 63+

Potential seeds
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Win = 13, Wout = 15

5,000 - .

4,000 | . |

3,000 i

2,000 :

Table inputs

1,000 :

0

=
FrrrrrrrrrrT T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T

0O 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds
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Win = 13, Wout = 16
I e e e e B o O A |

3,000

2,000 i _

Table inputs

1,000

1
0 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds

0
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Win = 13, Wout = 17
I e e e e B o O A |

2,500 R

2,000 | i

1,500 |

1,000 i

Table inputs

500 |- 8

0 \0\HHHHHHHHHHHH T T T T T T T T T T T T T T T

0 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds
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Win = 13, Wout = 18

2,500 :

2,000 :

1,500 - - .

1,000 - .

Table inputs

500 |- -

0

0O 5 10 15 20 25 30 35 40 45 50 55 60 63+
Potential seeds
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Win = 13, wout = 14 is a seed table that stores 2 x 213 x 14 = 229 376 bit
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Win = 13, wout = 14 is a seed table that stores 2 x 213 x 14 = 229 376 bit
As suspected, this is quite large and we need a way to compress this table
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Win = 13, wout = 14 is a seed table that stores 2 x 213 x 14 = 229 376 bit
As suspected, this is quite large and we need a way to compress this table

One combination might compress better than another.
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Win = 13, wout = 14 is a seed table that stores 2 x 213 x 14 = 229 376 bit
As suspected, this is quite large and we need a way to compress this table

One combination might compress better than another.
Send an interval of possible seeds instead of an instance of the table into compression,
hoping for a better result.
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Say you have a fixed-point value X, and you need hardware that computes its sine.

Win sine Wout .
X = operator Y % sin(X)

address | content

00000 00000
# 20001 | 00011
2%n entries of wyt bits each, so 2% x wy,; bits 00010 00011

00011 00101

e very good for really small precisions O Win
e for larger precisions, cost grows exponentially in 11101 | 11111
Win _ _ 11110 | 11111
(but Only Ilnearly N Wout) 11111 11111
Wout
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(LT
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truncated to
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[

CITTTTTT
CITTTTTT

| d 4

T2(X)
T1(X)
To(X)

Y

256
224
192
160
128
96
64
T2 32
0 \ \ \
0 64 128 192 256
T N
0 = - =T =
0 64 128 192 256
TO 0 Frroordrrrrosdrrririiii777774
0 64 128 192 256



For this talk, please accept the magic:

let us just wonder that it works, here for wi, = Wyt = 8.

+
+

HEEE
EEEEEN
LT

truncated to
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CITTTTTT
CITTTITT]

| d 4

T2(X)
T1(X)
To(X)

256
224
192
160
128
96

64

T2 32

T

| | |
64 128 192 256
T T —
= _-:?-‘__ - r__ - \ -
64 128 192 256
TO 0 brrrrrrdrrrorcidrsris i 777774
64 128 192 256



For this talk, please accept the magic:

let us just wonder that it works, here for wi, = Wyt = 8.

truncated to

256
224 =
192 —
160 T2 —+ T1 _ —
128 ~—
96 —
64 _—__ - T
32| = 2
0 = | | |
g=2 0 64 128 192 256
(TTT] T2(X) ‘ : ‘
+ CITTTTTT  7(X) _ - -
+ (T 1] 7x) 1 = S
— 0 = C I
-illlllllll; 0 64 128 192 256
CITTTTTTT]
TO 0 }-f/////)(//////ﬁ///////’/'1(’//'/ *I
0 64 128 192 256

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin

| d 4



256 T T T
224 To+ T+ To~/
For this talk, please accept the magic: 192
160 | To + T 7z
let us just wonder that it works, here for wi, = Wout = 8. 128 7
96 e
64 f/ﬁ\
2| A T2
0 | | |
g=2 0 64 128 192 256
EEEE T2(X) A
+ CITTTTIT] Tx) _
+ T 7o(x) - =
- ol==r — =
=LLLLTTTIT[T] v 0 64 128 192 256
truncatedto [ [ [ [ [ [ [ ]| R
TO 0 }-f/////)(//////ﬁ///////’/'1(’//'/ *I
0 64 128 192 256
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For this talk, please accept the magic:

let us just wonder that it works, here for wi, = Wyt = 8.

+
+

(TLT]
EEEEEN
LT

truncated to

CITTTTTT
CITTTITT]
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T2(X)
T1(X)
To(X)

256 T T
224 output Y </
192 ~
160
128 /
96
64 o
32 ‘2
0 | | |
0 64 128 192 256
T T I
T1 I
0 = - - =
0 64 128 192 256
TO 0 }-f/////)(//////ﬁ///////’/'1(’//'/ *I
0 64 128 192 256



For this talk, please accept the magic:

let us just wonder that it works, here for wi, = Wyt = 8.

truncated to
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2.4425.8426.5<28.8

(TLT] '_’
+ (LTI
+ CITTT]

= [CLITTITTITTT]
CITTTITT]

| d 4

T2(X)
T1(X)
To(X)

256 T T
224 output Y </
192 ~
160
128 /
96
64 o
32 ‘2
0 | | |
0 64 128 192 256
T T I
T1 I
0 = - - =
0 64 128 192 256
TO 0 }-f/////)(//////ﬁ///////’/'1(’//'/ *I
0 64 128 192 256
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ﬂyrnethbPoCo! flopoco FixFunctionByMultipartiteTable
http://www.flopoco.org tablecompression=true

f="65535/65536+sin (pi/2+x)" lsbIn=-16 lsbOut=-16
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http://www.flopoco.org

Current ILP solvers are extremely powerful, with thousands of variables and constraints.

e 3 set of variables,

¢ a set of linear constraints between these variables (e.g. 17x + 42y < 2000 and
y>0)
¢ a linear cost function to minimize (e.g. minimize 3x — 2y)

0. Desrentes, F. de Dinechin, Using integer linear programming for correctly rounded multipartite
architectures, 2022 (ICFPT)
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Notation: ILP variables in red, ILP constants in blue.

¢ | et us have one boolean variable for each bit stored in a table
® by, is bit i of the value stored at address a in table T;
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Notation: ILP variables in red, ILP constants in blue.

¢ | et us have one boolean variable for each bit stored in a table
® by, is bit i of the value stored at address a in table T;

¢ et us have 2" constraints, one for each value of X
(which then becomes a constant in each of these constraints) 4

Cx : FL(X) < Y(X) < Fy(X) 1
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Notation: ILP variables in red, ILP constants in blue.

¢ | et us have one boolean variable for each bit stored in a table
® by, is bit i of the value stored at address a in table T;

e | et us have 2" constraints, one for each value of X

(which then becomes a constant in each of these constraints) 4

Cx 1 FL(X) < Y(X) < Fu(X) 1
... with F(X) = Fy(X) for correct rounding L— Fu(X)
—1 = AuX)
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Notation: ILP variables in red, ILP constants in blue.

¢ | et us have one boolean variable for each bit stored in a table
® by, is bit i of the value stored at address a in table T;

¢ et us have 2" constraints, one for each value of X
(which then becomes a constant in each of these constraints) 4

Cx : Fu(X) < Y(X) < Fu(X) 1

... with F(X) = Fy(X) for correct rounding i Fr(X)
e Now Y(X) can be replaced with >°, T;(X) /.\ R0
i L
X
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The (very) big picture of the ILP

Notation: ILP variables in red, ILP constants in blue.

e | et us have one boolean variable for each bit stored in a table
® by, is bit i of the value stored at address a in table T;

¢ Let us have 2" constraints, one for each value of X
(which then becomes a constant in each of these constraints) 4

Cx : FuL(X) < Y(X) < Fu(X) T

... with F(X) = Fy(X) for correct rounding // Fr(X)
e Now Y(X) can be replaced with Y, T:(X) /_\ x
e ...where the value of T;(X) is linear in our variables: >;2'b; 5 T L(X)
X
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The (very) big picture of the ILP

Notation: ILP variables in red, ILP constants in blue.

e | et us have one boolean variable for each bit stored in a table
® by, is bit i of the value stored at address a in table T;

Let us have 2" constraints, one for each value of X
(which then becomes a constant in each of these constraints) 4

Cx : FuL(X) < Y(X) < Fu(X) T

... with F(X) = Fy(X) for correct rounding // Fr(X)
e Now Y(X) can be replaced with Y, T:(X) /_\ R0
1 L

...where the value of T;(X) is linear in our variables: >;2'b; 5
so eventually each constraint is indeed linear, something like X

Cx : FL(X) <) " 2'by ax),i < Fu(X)
ro
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Let’s plot the table, and see.
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Let’s plot the table, and see.
128 T T T T T T

T T T

12t i
96 - g
80| g
64
a8 g

32 - b

16 8

0 1 1 1 1 1
0 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 256
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Let’s plot the table, and see.
128 T T T T T T

T T T

12| R
9 |- R
80 |- \
64|

48 :

32 - b

16 8

0 1 1 1 1 1
0 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 256

Seed table is always positive, approximately monotone, approximately
convex, perfect for multipartite tables!
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Let’s plot the table, and see.
128 T T T T T

T T T

112 |
9 |- .
80 |- \
64 |-

48 .

32 - b

16 .

0 | | | | |
0 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 256

Seed table is always positive, approximately monotone, approximately &
convex, perfect for multipartite tables! @&
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Seed table is not a function x — f(x) but x — [y1; yH]-

M. Christ, L. Forget, and F. de Dinechin, Lossless differential table compression for hardware function
evaluation, 2022 (TCAS-II)

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>



I Fu(X
Seed table is not a function x — f(x) but x — [y.; Y] L— FulX)
Cx 1 FL(X) < Y(X) < Fu(X) TR0
FL(X) and Fy(X) are exactly what we needed. T
X

M. Christ, L. Forget, and F. de Dinechin, Lossless differential table compression for hardware function
evaluation, 2022 (TCAS-II)
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[ Fu(X)
Seed table is not a function x — f(x) but x — [y.; Y] =
Cx 1 FL(X) < Y(X) < Fu(X) TR0
FL(X) and Fy(X) are exactly what we needed. T
X

This isn’t generic table compression like LDTC', and technically we're not compressing a
table, but any of the possible tables.

M. Christ, L. Forget, and F. de Dinechin, Lossless differential table compression for hardware function
evaluation, 2022 (TCAS-II)
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Not exactly table compression

1. — Fu(X)
Seed table is not a function x — f(x) but x — [y.; yH]. =
Cx : FL(X) < Y(X) < Fu(X) T FL(X)
F.(X) and Fy(X) are exactly what we needed. 1
X

This isn’t generic table compression like LDTC', and technically we're not compressing a

table, but any of the possible tables.
In particular, we want to compress the one with the smallest compressed size. ..

M. Christ, L. Forget, and F. de Dinechin, Lossless differential table compression for hardware function
evaluation, 2022 (TCAS-II)
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase woyt.
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

X= [IIIIIIIIII1I1] 25 10+2°.8+27 6<2". 15

g=0
EEEEEEEEEE T2(X)
+ O T (X)
+ To(X)

| S

T truncatedto [T [ [ [[[TIIIII]]] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

X= [CTIIIITIIIIIIT] 10127 8427 5<2% 14

g=0
LITTTTITTTIT] T2(X)
+ L1 T1(X)
* To(X)

| = [ITITTITTTITTITTITTT Y

) truncatedto [ [ [ [ [ [T [T T T T TTTI R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= e (26.7429.13+210.10+2'1.8 < 2™ 16)

g:
1 g To EEEE N0
- 1 O Y9
13 10 8 + I | Ti(X)
+ To(X)

| n S I

T truncatedto [T [ [ [ [[ [T ] ][] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= e (267429134 21.10 1211 .8 <21 14)

g:
1 g To EEEE RO
- [T %X
13 10 8 * | I Ti(x)
+ To(X)

| n = CLLLLITITIIIIIIT] v

T truncatedto [T [ [ [T [T IITII1[] =R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= oo (27.84210. 12421174211 .6 <214.17)

g=0
[ 7, T» T i EEEEE T5(X)
S [TTTITITT] %X
12 7 6 + I T:(X)
+ To(X)

| n = CLLLIIITIITIITIIIIL] v

T truncatedto [T [T [ [T [T TTITI[[1] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= oo (27.84210. 12421174211 .6 <21 14]

g=0
[ 7, T» T i EEEEE T5(X)
S [TTTITITT] %X
12 7 6 + I T:(X)
+ To(X)

| n = CLLLIIITIITIITIIIIL] v

T truncatedto [T [T [ [T [T TTITI[[1] R

R
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When wyy = 14: 3 seeds, interval size 2 x 2-14

A
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When wy, = 15: 6 seeds, interval size 2.5 x 2~ 14
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When wyyt = 16: 11 seeds, interval size 2.5 x 214
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When wgut = 17: 22 seeds, interval size 2.625 x 214
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— But why does it get bigger again ?
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The interval is a simplification. Example: the seed is 0x3£82£c00
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The interval is a simplification. Example: the seed is 0x3£82£c00
When wy, = 14: 4 seeds, interval size 3 x 2~ 14

X
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The interval is a simplification. Example: the seed is 0x3£82£c00
When wy, = 15: 7 seeds, interval size 3 x 214

X
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The interval is a simplification. Example: the seed is 0x3£82£c00
When woyt = 16: 14 seeds, interval size 3.25 x 214

X
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The interval is a simplification. Example: the seed is 0x3£82£c00
When wyyt = 17: 5 seeds, interval size 0.5 x 2-14
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The interval is a simplification. Example: the seed is 0x3£82£c00
When wyyt = 17: 5 seeds, interval size 0.5 x 2-14

Fr(X)
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The interval is a simplification. Example: the seed is 0x3£82£c00
When wyyt = 17: 5 seeds, interval size 0.5 x 2-14

Fr(X)

The algorithm for
faithfully rounded

FP32 % is sen-

sitive to the initial
seed.
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Cheap vector normalisation for ML (and hopefully more)
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Cheap vector normalisation for ML (and hopefully more)
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Cheap vector normalisation for ML (and hopefully more) I

¢ Phase 1: Find the perfect seed table
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Cheap vector normalisation for ML (and hopefully more) I

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
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Cheap vector normalisation for ML (and hopefully more) |

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit
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Cheap vector normalisation for ML (and hopefully more) I

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit
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Cheap vector normalisation for ML (and hopefully more) |

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit

¢ The perfect table does not exist.
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Cheap vector normalisation for ML (and hopefully more) |

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit

* The perfect table does not exist. That’s actually better for the ILP.
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Cheap vector normalisation for ML (and hopefully more) |

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit

* The perfect table does not exist. That’s actually better for the ILP.
e Guard bits for table compression do not work like the ones for function evaluation.
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Cheap vector normalisation for ML (and hopefully more) |

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit

* The perfect table does not exist. That’s actually better for the ILP.

e Guard bits for table compression do not work like the ones for function evaluation.
Similar to LDTC, no guard bits
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Cheap vector normalisation for ML (and hopefully more) |

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit

* The perfect table does not exist. That’s actually better for the ILP.

e Guard bits for table compression do not work like the ones for function evaluation.
Similar to LDTC, no guard bits

® Increasing woyt reduces the compressed size.
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Cheap vector normalisation for ML (and hopefully more) |

¢ Phase 1: Find the perfect seed table
e Phase 2: Stick it in an ILP solver
e Phase 3: Profit

* The perfect table does not exist. That’s actually better for the ILP.
e Guard bits for table compression do not work like the ones for function evaluation.
Similar to LDTC, no guard bits

¢ |ncreasing woyt reduces the compressed size. Until we choose the wrong seed
representation. ..
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Xie X2

Unpack FP16 Unpack FP32

e Actually build the hardware
operator

—~_|

0 1
FP32 mode
5 IM 8

@ampin Multipartite Tables @ampii
exponent exponent

e
&

l Pack FP16 I l Pack FP32 I

J[IS 32
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Xie Xa2
. Unpack FP16 Unpack FP32
e Actually build the hardware =

operator

e Set up the software programs -
to use it fFPSZmode

5 1'4 8
@ampin Multipartite Tables @ampii
exponent exponent

[ ma |

l Pack FP16 I l Pack FP32 I

J[IS 32
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e Actually build the hardware T UTM
operator -

¢ Set up the software programs
to use it L e

¢ Reflect on the limitations of the : R :

interval representation =) S [

5 15 8
0...02
/
[_rows ] .
l Pack FP16 I l Pack FP32 I
Jrs 32
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e Actually build the hardware
operator

¢ Set up the software programs
to use it

e Reflect on the limitations of the
interval representation

e Check we can use the seed for
division (brute-force will not
work anymore. . .)

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin

Xie

Unpack FP16

Compute
exponent

e

Xaz

Unpack FP32

—~_|

0 1
FP32 mode
{14

8

Multipartite Tables Compute |
exponent

0...02
v
s ] .
l Pack FP16 I l Pack FP32 I
Jrs 32

| d 4




e Actually build the hardware
operator

¢ Set up the software programs
to use it

¢ Reflect on the limitations of the
interval representation

e Check we can use the seed for
division (brute-force will not
work anymore. . .)

e Try to compress other tables
using multipartite architectures
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@ Context

@® How to build this Seed table ?
© Multipartite Tables

@ Conclusion

@ Questions?

0O Back-up slides
Multipartite Tables
Integer Linear Programming
Special Cases
Algorithms
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stored values
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Symmetry may trade one table input bit for two rows of XOR gates:

stored values
§
\\\\\A>

&\
< values computed
by symmetry
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Symmetry may trade one table input bit for two rows of XOR gates:

stored values
§
\\\\\A>

(\\
< values computed
by symmetry

i

<
g

(=
\3
F
\N
(=
\Y
F
\N
I
\3

San

/

¢ The XORs save LUTs, but cost LUTs:
® detailed evaluation of the relevance of this idea in the paper
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase woyt.
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

X= [IIIIIIIIII1I1] 25 10+2°.8+27 6<2". 15

g=0
EEEEEEEEEE T2(X)
+ O T (X)
+ To(X)

| S

T truncatedto [T [ [ [[[TIIIII]]] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

X= [T I111] 25 10+2°.8+27 6<2". 15

g=0
EEEEEEEEEE T2(X)
+ O T (X)
+ To(X)

| S

T truncatedto [T [ [ [[[TIIIII]]] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt.

g=0
LITTTTITTITIT] T2(X)
+ L] Ti(X)
+ To(X)
=TT TTTTITTITITTTIT] Y
truncatedto [ [ [ [ [ [ [T T T T T TT] R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

X= [IIIIIIIII111] 25 10+2°.8+27 6<2". 15

g=0
EEEEEEEEEE T2(X)
+ O T (X)
+ To(X)

| S

T truncatedto [T [ [ [[[TIIIII]]] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

X= [CTIIIITIIIIIIT] 10127 8427 5<2% 14

g=0
LITTTTITTTIT] T2(X)
+ L1 T1(X)
* To(X)

| = [ITITTITTTITTITTITTT Y

) truncatedto [ [ [ [ [ [T [T T T T TTTI R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= e (26.7429.13+210.10+2'1.8 < 2™ 16)

g:
1 g To EEEE N0
- 1 O Y9
13 10 8 + I | Ti(X)
+ To(X)

| n S I

T truncatedto [T [ [ [ [[ [T ] ][] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= I (26.7429.13+210.10+2'1.8 < 2™ 16)

g:
1 g To EEEE N0
- 1 O Y9
13 10 8 + I | Ti(X)
+ To(X)

| n S I

T truncatedto [T [ [ [ [[ [T ] ][] R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= I (26.7429.13+210.10+2'1.8 < 2™ 16)

g:
1 g To EEEE RO
- 1 O Y9
13 10 8 + I | Ti(X)
+ To(X)

| n S I

T truncatedto [T [ [ [ [[ [T ] ][] R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

(26.742°.13 4291042118 <21*. 16
g:
EEEE = )
[TITIIIIT] 7X)
+ I | T(X)
+ To(X)
| = LTI v
T truncatedto [T ] [ [T [T [T II11] R
R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= It (26.7429.13+210.10+2'1.8 < 2™ 16)
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1 g To EEEE RO
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13 10 8 + I | Ti(X)
+ To(X)
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T truncatedto [T [ [ [ [[ [T ] ][] R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= e (267429134 21.10 1211 .8 <21 14)

g:
1 g To EEEE RO
- [T %X
13 10 8 * | I Ti(x)
+ To(X)

| n = CLLLLITITIIIIIIT] v

T truncatedto [T [ [ [T [T IITII1[] =R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= oo (27.84210. 12421174211 .6 <214.17)

g=0
[ 7, T» T i EEEEE T5(X)
S [TTTITITT] %X
12 7 6 + I T:(X)
+ To(X)

| n = CLLLIIITIITIITIIIIL] v

T truncatedto [T [T [ [T [T TTITI[[1] R

R
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= I (27.84210. 12421174211 .6 <214.17)

g=0
[ 7, T» T i EEEEE T5(X)
S [TTTITITT] %X
12 7 6 + I T:(X)
+ To(X)
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

(27.84210. 12421174211 .6 <214.17)
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |
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The ILP program cannot find cheaper than the plain table. .. Let’s try to increase wyyt. |

= oo (27.84210. 12421174211 .6 <21 14]

g=0
[ 7, T» T i EEEEE T5(X)
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+ To(X)
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R
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Increasing wyyt does not make the program exponentially slower.

e Generating the intervals : always less than a minute
e |LP : always less than 30 min
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In short : no

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>



In short : no

Many heuristics that potentially removes optimiality.
¢ Replace some binary variables with integers
* Prune the external loop
e Set a maximum amount of guard bits

ILP timeout
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In short : no

Many heuristics that potentially removes optimiality.
¢ Replace some binary variables with integers
* Prune the external loop
e Set a maximum amount of guard bits
ILP timeout <« | suspect this is the worse offender for larger tables
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In short : no

Many heuristics that potentially removes optimiality.
¢ Replace some binary variables with integers
® Prune the external loop < This also could have an impact
e Set a maximum amount of guard bits
ILP timeout <« | suspect this is the worse offender for larger tables
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Hardware operator raises a flag when input is negative, and outputs ﬁ

FMA that computes the square of the seed will compute 0 — a x binstead of 0 + a x b if
the flag is raised.
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No subnormal output possible (as T reduces the exponent)

Could renormalise the subnormal input (costs a shifter, would probably add a cycle). |
think it is worth it, but the pm? is expensive.

Will create problems for 1:
e [terations are not done with range reduction, can create issues.

¢ Double rounding can happen on subnormal outputs’. Not sure if the solution will still
work in my case

UM Muller, Avoiding double roundings in scaled Newton-Raphson division, ASILOMAR (2013)



The input F =0b111...111 was removed from the seed table generation program, as
the software iterations do not result in a correctly rounded 1.

M. Cornea-Hasegan, R. Golliver, P. Markstein, Correctness proofs outline for Newton-Raphson based
floating-point divide and square root algorithm, 1999 (ARITH)
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The input F =0b111...111 was removed from the seed table generation program, as
the software iterations do not result in a correctly rounded 1.
Previously studied ' as a tricky case.

M. Cornea-Hasegan, R. Golliver, P. Markstein, Correctness proofs outline for Newton-Raphson based
floating-point divide and square root algorithm, 1999 (ARITH)
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1 and the last seed before a power of 2

The input F =0b111...111 was removed from the seed table generation program, as
the software iterations do not result in a correctly rounded 1.

Previously studied ' as a tricky case.

The fix is probably going to be a conditional move in software when correct rounding is
needed.

M. Cornea-Hasegan, R. Golliver, P. Markstein, Correctness proofs outline for Newton-Raphson based
floating-point divide and square root algorithm, 1999 (ARITH)
Reciprocal Square Root 27.3



0 < seed(a) (c0)

Latency : 1 cycle
Throughput : 16 op/cycle
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Yo < seed(a) (c0)

hy < 0.5 x yp (c1)

9o <= ax Yo (c2)

ry <= —Qgo % hyp + 0.5 (c6)
0<= 1y X Yo+ Yo (c10)

Latency : 14 cycles
Throughput : 4 op/cycle
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Yo < seed(a) (c0)
o< axyy(cl)

Latency : 5 cycles
Throughput : 16 op/cycle

1.4 ~ v/2: Coincidence ? Probably
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Yo < seed(a) (c0)

90 < ax yo (c1)

hy < 0.5 x yp (c2)

€ < —Qo X go + a(cd)
0 < €y x hyg + go (c9)

Latency : 13 cycles
Throughput : 4 op/cycle

1.4 ~ v/2: Coincidence ? Probably
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Yo < seed(a) (c0)

ho <= 0.5x Yo (01)

9o <= ax yp (c2)

nh <= —9o0 X ho +0.5 (06)
0< 1y X go+ go (c10)

Latency : 14 cycles
Throughput : 4 op/cycle
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Yo < seed(a) (c0)

ho <= 0.5x Yo (C1)

Jo <= ax yp (c2)

nh <= —9o X ho + 0.5 (C6)
g1 <= ro X go + Qo (c10)
h1 < Inp X h0+h0 (011)
er < —g1 x g1 +a(cl4)
0< ey x hy + g (c18)

Latency : 22 cycles
Throughput : 2.3 op/cycle
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Yo < seed(a) (c0)
0 <= Yo X Yo (c1)

Latency : 5 cycles
Throughput : 16 op/cycle
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Yo < seed(a) (c0)
9o < Yo x Yo (c1)
€ < —goxa+1(ch)
0 <€y X go+ o (C9)

Latency : 13 cycles
Throughput : 5.3 op/cycle
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Yo < seed(a) (c0)
Xo < Yo x Yo (c1)
< —ax xp+1(ch)
0 < Iy X X + Xp (€9)

Latency : 13 cycles
Throughput : 5.3 op/cycle
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Yo < seed(a) (c0)

Xo < Yo X Yo (c1)

< —ax xg+1(chb)

X1 < Iy X Xg + Xo (€9)

< —axx +1(c13)
0«1 X X1+ X4 (C17)

Latency : 21 cycles
Throughput : 3.2 op/cycle

Orégane Desrentes, Florent de Dinechin, Benoit Dupont de Dinechin »>



	Context
	How to build this Seed table ?
	Multipartite Tables
	Conclusion
	Questions?
	Back-up slides
	Multipartite Tables
	Integer Linear Programming
	Special Cases
	Algorithms


